For a quasi-split group G over a local field F , with Borel subgroup B = T U and Weyl group W , there is a natural geometric action of G × T on L 2 (X), where X = G/U is the basic affine space of G. For split groups, Gelfand and Graev have extended this action to an action of G × (T ⋊ W ) by generalized Fourier transforms Φw. We define an analog of these operators for quasi-split groups. We also extend the construction (see [BK99]) of the Schwartz space S(X) to the case of quasi-split groups.
Introduction
1.1. Gelfand-Graev intertwining operators for quasi-split groups. Let G be a simple simply-connected quasi-split group defined over a local non-archimedean field F . We fix a Borel subgroup B of G and a decomposition B = T · U . The basic affine space X = G/U admits unique (up to a scalar) G-invariant measure ω X . We define a unitary representation θ of the group G × T on L 2 (X, ω X ) by: θ(g, t)f (hU ) = δ 1/2 B (t)f (g −1 htU ) for the modular character δ B . Let W := N G (T )/T be the Weyl group. For split groups Gelfand and Graev in [GG73] , see also [KL88] , [Kaz95] , extended the action of G × T to the representation of G × (T ⋊ W ), so that elements w of W act on L 2 (X, ω X ) by generalized Fourier transforms Φ w . Our first goal is to extend this result for quasi-split groups.
More precisely, for the case of a quasi-split simply-connected group G with a maximal torus T and a relative Weyl group W, we construct a family of unitary operators Φ w , w ∈ W , on L 2 (X, ω X ) such that (1.1) Φ w θ(g, t) = θ(g, w(t))Φ w ∀w ∈ W, t ∈ T, g ∈ G Φ w 1 Φ w 2 = Φ w 1 w 2 ∀w 1 , w 2 ∈ W Since W is generated by simple reflections, it is sufficient to define the operators Φ s for simple reflections s ∈ W and to check the braid relations. Moreover, it is easy to reduce the definition of the operators Φ s to the case of simple groups of rank one.
There exists two types of simple simply connected group of rank one.
• The split group SL(V 2 ) for a symplectic two-dimensional space V 2 .
In this case X = V 2 \{0} and W = {e, w 0 }. The operator Φ w 0 is given by the usual Fourier transform. • The quasi-split group SU (W K 3 ), where K/F is a quadratic field extension and W 3 K is a Hermitian three-dimensional space. In this case X = W 0 3 \{0} is the cone of non-zero isotropic vectors, and the Weyl group consists of two elements W K = {e, w 0 }. We shall construct an operator Φ w 0 on L 2 (X, ω X ), which is an involution satisfying (1.1). Our construction can also be applied to the case K = F ⊕ F , so that SU (W K 3 ) ≃ SL 3 , and w 0 is the longest element in the Weyl group of SL 3 .
Our construction of the operator Φ w , w ∈ W is based on the observation that for quasi-split groups G of rank one, there is a map
where T ′ is a subgroup of finite index in T and H is a reductive group, such that (j(G), j(T ′ ⋊ W )) is a commuting pair in H. We construct an isomorphism of the restriction of the unitary minimal representationΠ of H to G × T ′ with the representation θ on L 2 (X, ω X ). The operators Φ w = Π(j(w)) satisfy (1.1).
For the case G = SL 2 , one has T ′ = T , the group H is the metaplectic group of rank 2 andΠ is the Weil representation realized in the Schrodinger model.
For the group G = SU (W K 3 ) the group T ′ will be specified in section 3, the group H is O(V K 8 ), for a quadratic space V K 8 of dimension 8, Witt index 3 and discriminant K. The minimal representationΠ K of O(V K 8 ) has been constructed by Howe and realized on L 2 (X, ω X ) by Savin (in the split case K = F ⊕ F ). We define Φ w 0 =Π K (j(w 0 )). By definition Φ w 0 is an involution and satisfies (1.1). We shall obtain an explicit formula for this operator.
In fact, we work in more general setting. For a quadratic algebra K we consider a non-degenerate quadratic space V K 2n+2 of dimension 2n + 2, discriminant K and Witt index n, if K is a field, or n + 1 if K = F ⊕ F . The unitary minimal representationΠ K of the group O(V K 2n+2 ) can be realized on the space L 2 (C K 2n ), where C K 2n is the cone of isotropic vectors in V K 2n . This model has been considered by Savin [MS97] , [Sav94] , for the split algebra K. The action of the parabolic subgroup P 1 with the Levi subgroup GL 1 × O(V K 2n ) in this model is very explicit. We write a formula for the actionΠ K (s 1 ), where s 1 is an involution, not contained in P 1 . This result is of an independent interest. For a general group G, having defined the operators Φ s for all simple reflections, we write a closed formula for the operators Φ w for any w ∈ W. We show that for a presentation w = s 1 . . . s l , where l is the length of w, the operator Φ w equals Φ s 1 • . . . • Φ s l and hence does not depend on a presentation of w. This independence implies the braid relations. So we obtain an action of G × (T ⋊ W ) on L 2 (X, ω X ).
1.2. Schwarz space of a quasi-split group. Let S c (X) denote the space of smooth functions on X of compact support. The Schwarz space
has been defined and studied in [BK99] for split groups. We propose the following characterization of this space:
Conjecture 1.2. The space S(X) coincides with the space of functions S(X) = {f ∈ L 2 (X), such that Φ w (f ) has bounded support for all w ∈ W }.
For split groups the inclusion S(X) ⊂S(X) was proven in [BK99] . In the last section we show that the equality holds for SL 3 and SU (W 3 K ) using the interpretation of S(X) as the space of smooth vectors Π K of the minimal representation of O(V K 8 ).
1.3. The outline of the paper.
• In section 2 we set notations for the rest of the paper.
• In section 3 we focus on the groups of rank one, define the associated dual pairs and the operators Φ w 0 . In the quasi-split case, the proof that Φ w 0 is an involution and satisfies (1.1) follows from a more general theorem 5.11. • In section 4 we consider the group G = SL(V ) for a three-dimensional space V . We shall show compatibility of the definitions of the operators Φ w associated to simple reflections in the split and the quasisplit cases. Consider the split quadratic space V 6 = V ⊕V * , with the quadratic form q 6 ((v, v * )) = v * , v . The basic affine space X = G/U is a dense open subset of the cone of isotropic vectors C in V 6 . The operator Φ s 1 , Φ s 2 , where s 1 , s 2 are simple reflections in the Weyl group W of G, can be defined as Fourier transforms along the two-dimensional fibers of the projections pr V :
The group SL 3 is the split form of SU (W K 3 ). The Weyl group W K of SU (W K 3 ) is naturally embedded into the Weyl group W of SL 3 , so that the unique non-trivial element w 0 ∈ W K corresponds to the longest element s 1 s 2 s 1 in W . The operator Φ K makes sense for the case K = F ⊕ F as well. It is clear from the formula that
• Section 5 is devoted to the study of the unitary minimal representa-tionΠ K of the group O(V K 2n+2 ) on the space L 2 (C K 2n ) and the space Π K of its smooth vectors.
• In section 6 we recall the structure of quasi-split groups.
• In section 7 we define the operator Φ w for a general element w in W in (7.6) and state the main theorem 7.8, which is proven in Appendix E. • In section 8 we study the Schwarz space.
The paper includes several appendices, mostly containing computations announced in the body of the paper.
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Preliminaries
Let F be an local non-archimedian field with char(F ) = 2. All the groups in the paper are algebraic groups defined over F . We often write G for the group G(F ) of its F -points. Similarly, we write X for X(F ), where X = G/U .
For a space Y we denote by S ∞ (Y ) (resp. S c (Y )) the space of smooth functions (resp. smooth functions with compact support) on Y .
2.0.1. The ground field. We denote by O F the ring of integers of F and by π an uniformizer of the unique prime ideal of O F .
An additive character ψ of F is fixed throughout the paper. For any a ∈ F × there is a character ψ a such that ψ a (x) = ψ(ax).
There exists unique Haar measure dv such that the Fourier transform
. This measure is called the self-dual measure on V with respect to ψ and b. It is invariant under the group Aut(V, b) of linear transformations, preserving the form b. Throughout the paper this will be our choice for the measures on quadratic/symplectic spaces.
2.1.1. dim F V = 1. On the ground field F we denote by dx the self-dual measure with respect to ψ and b(x, y) = xy. For any multiplicative character χ of F × there exists a constant γ(χ, ψ), called gamma factor, such that there is an equality between the distributions
We denote by d × x the multiplicative measure dx |x| on F × .
2.2. dim F V = 2. Let K be a quadratic algebra over F with a conjugation map x →x; norm N = Nm K/F and a trace T = Tr K/F . We denote by O K the ring of integers of K, by π K a uniformizer and by | · | K the absolute value in K. We denote by dx the self-dual measure with respect to ψ and b(x, y) = T r K/F xȳ. Note that for any a ∈ F × the self-dual measure d a x with respect to ψ a and b satisfies d a x = |a|dx for any a ∈ F × .
There exists a fourth root of unity λ(ψ • N ), called Weil factor, that satisfies
for any f ∈ S c (K). See [GL90] for the detailed discussion.
Plugging in the characteristic function of a sufficiently small ball around zero we get for R large enough:
Let χ K be the quadratic character of F × associated to the extension K/F by class field theory. Decomposing F with respect to the norm group of K we get λ(ψ • N ) = γ(χ K , ψ).
If K is split the χ K (a) = γ(χ K , ψ) = 1. From this follows
(2) There is an equality of distributions
) be a quadratic vector space over F of discriminant K and Witt index m − 1 or m according to whether K is a field or a quadratic split algebra.
Let dv be the self-dual measure on V K 2m with respect to ψ and T •b K 2m (v 1 , v 2 ). The Lemma 2.1 is easily generalized to for V K 2m .
Lemma 2.2.
(1)
3. Quasi-split groups of rank one 3.1. The split group. A split simply connected group of rank one is isomorphic to SL 2 . Let (V 2 , [·, ·]) be a two-dimensional symplectic space over F . The group SL 2 = SL(V 2 ) is the group of automorphisms of V 2 preserving the symplectic form. Let B 2 = T 2 ·U 2 be the Borel subgroup of SL 2 with the torus T 2 and the unipotent radical U 2 . The Weyl group W = N SL 2 (T 2 )/T 2 consists of two elements {e, w 0 }. The group SL 2 acts transitively on V 2 \{0} and the stabilizer is isomorphic to U 2 . Thus we identify the quotient space X = SL 2 /U 2 and V 2 \{0}. Denote by Φ the Fourier transform associated to the character ψ and the form [·, ·]. Let us recall its basic properties.
(1) The operator Φ can be extended to a unitary operator on L 2 (V 2 ).
(2) Φ • Φ = Id.
(3) Φ • θ(g, t) = θ(g, w 0 (t)) • Φ, ∀t ∈ T 2 , g ∈ SL 2 . Thus the choice Φ w 0 = Φ provides the desired construction for SL 2 .
The properties 1.1 do not determine the operator Φ w 0 uniquely. Hence the choice Φ w 0 = Φ may seem as an arbitrary guess. Below we explain another point of view, which suggests the same choice for Φ w 0 . We fix an isomorphism i :
The four-dimensional space V 2 ⊗ H is equipped with the symplectic form (·, ·) = [·, ·] ⊗ b H . For any character ψ there is a minimal representation ω ψ , called Weil representation, of the metaplectic groupSp(V 2 ⊗ H). There exists a splitting s :
which defines by pull-back the representation ω ψ of SL 2 × (T 2 ⋊ W ). The action of ω ψ on the Schrodinger model L 2 (V 2 ) is well-known:
Proposition 3.1.
(1) ω ψ (g, t) = θ(g, t) for all (g, t) ∈ SL 2 × T 2 .
(2) ω ψ (j(w 0 )) = Φ.
We shall use this point of view as a guiding principle to define the operator Φ w 0 for the quasi-split special unitary group of split rank one.
3.3. The quasi-split group. A quasi-split simply connected group of rank one, that is not split, is isomorphic to a special unitary group SU (2, 1). More precisely, let K be a quadratic field extension of F . Let (W K 3 , h K 3 ) be a Hermitian space of dimension 3 over K with Witt index 1. We denote by SU (W K 3 ) the quasi-split group of automorphisms of W K 3 , preserving the
is the maximal torus of split rank one, and U K 3 is the maximal unipotent subgroup contained in B K 3 . The Weyl group W K consists of two elements {e, w 0 }.
Denote by W 0 3 the space of isotropic vectors in W K 3 . The group SU K 3 acts transitively on W 0 3 \{0}, and the stabilizer of a representative is isomorphic to U K 3 . We identify the basic affine space SU (W K 3 )/U K 3 and W 0 3 \{0}. It admits a unique, up to constant, SU K 3 invariant top-form ω. The precise choice of ω will be specified later.
Our strategy for a construction of an operator Φ K on L 2 (W 0 3 , ω), satisfying 1.1, is similar to the one in 3.2.
3.4. Minimal representation. Let (W K 1 , h K 1 ) be a one dimensional Hermitian space over K. Consider the quadratic space (V K 6 , q K 6 ), with the associated bilinear form b K 6 , where
) admits a unitary minimal representationΠ K . We refer the reader to section 5 for definition.
TheT
Theorem 3.2. The unitary minimal representationΠ K of O(V K 8 ) has a realization on the space L 2 (W 0 3 ) such that
where L(a) is a principal value of the integral
Remark 3.5. Although the integral defining L(a) does not converge absolutely we interpret L(a), for a = 0, as limit of the stabilizing sequence
as n → ∞.
The part (1) and (2) of this theorem is a special case of a more general theorem 5.11 for n = 3. It holds without changes for the split algebra K = F ⊕ F , in which case χ K is the trivial character and γ(χ K , ψ) = 1. The part (3) follows from the part (2) immediately.
Thus the choice Φ w 0 =Π K (j(w 0 )) provides the construction of the action of W for G = SU (W K 3 ).
Compatibility: SL 3
Consider the group SL 3 with the two-dimensional torus T 3 , maximal unipotent subgroup U 3 and the Weyl group W 3 . 4.1. The cone. We start by description of the basic affine space for SL 3 . Let V be a three-dimensional space and V * be the dual space. The natural pairing defines a bilinear form b 6 (·, ·) on the 6-dimensional space V 6 = V ⊕ V * . Denote by C ⊂ V ⊕ V * the space of isotropic vectors. We fix SL 3 invariant top forms ω V and ω V * on V and V * respectively, and denote by ω C the induced top form on C.
Projections and fibers. There are natural projections
Introduce notations for the fibers
The group G = SL 3 acts transitively on X with the stabilizer isomorphic to U 3 . Thus the basic affine space SL 3 /U 3 can be identified with X.
The operators
) are defined as Fourier transforms along the fibers of the projections pr 1 , pr 2 .
Let s 1 , s 2 ∈ W 3 denote the simple reflections with respect to the simple roots of SL 3 . The Weyl group W 3 is generated by s 1 , s 2 subject to the following braid relations:
Proposition 4.2.
(
(2) For any f in a dense space of L 2 (C) holds:
The proof is straightforward and appears in the Appendix A. Note that the operator
Having defined the representation of the Weyl group W of SL 3 on L 2 (X) = L 2 (C), denote by Φ w the operator corresponding to w ∈ W .
The Schwarz space S(X) of smooth functions on X has been defined in [BK] as w∈W Φ w (S c (X)). This space has a natural filtration
We record for future use the following lemma.
To prove the lemma it is enough to show that the mapsΦ 1 ,Φ 2 are surjective. The space S c (V − {0}) is generated by
Hence S c (X) + Φ 1 (S c (X)) + Φ 2 (S c (X)) = S c (C\{0}), as required.
5.
The minimal representation of even orthogonal group
) has absolute root system D n+1 . We denote the absolute roots by α 1 , . . . , α n+1 and the highest root, that is defined over F , by α 0 . We refer the reader to section 6 for the structure of quasi-split groups.
(4) Fix orthogonal decompositions
There is a natural non-degenerate pairing ofN 1 and N 1 via the Killing form, which induces the isomorphism
. A choice of a vector basis e 1 of X 1 fixes the isomorphism G m ≃ GL(X 1 ). Any character χ of G m can be lifted to a character of M 1 . We denote by
Note that s 1 commutes with O(V K 2n ).
Let s 2 be an involution in M 1 satisfying
Let s be an involution satisfying
It is easy to see that s 1 = s · s 2 · s −1 .
5.2. The degenerate principal series. We denote by
Hence it is enough to show that the statement is true for the anisotropic vector v c = e 2 + ce * 2 for any c = 0. Let us fix c = 0.
Define a Bruhat filtration on
to be the space of all the sections f in I P 1 (χ K , s), having support on P 1 wP 1 and having compact support modulo P 1 on the left.
We shall show that
where w l is the reflection with respect to the highest root α 0 . The right hand side is isomorphic to S c (N 1 ) N 1 ,Ψv c , which is clearly one dimensional.
To show 5.3 it is enough to prove that
. Let w be the shortest representative in the double cosets W M 1 wM M 1 . In particular, w(α i ) > 0 for all i = 2, . . . , n + 1. If w(α 1 ), w(α 0 ) are both negative, then w(N 1 ) =N 1 and hence w = w l , the simple reflection with respect to the highest root α 0 .
For
) possesses a special smooth representation Π K called minimal representation. It is defined as theta-lift of the trivial representation for the classical dual pair (SL 2 × O(V K 2n+2 )) in Sp 4n+4 . This is a unitarizable representation, [Li89] , whose unitary completion is denoted bŷ Π K . In this section we shall describe the model ofΠ K realized on the space
). Since ψ and K are fixed throughout this section we denote this representation by ω 4n+4 .
Let us introduce notations for some elements in SL(V 2 )
for r ∈ G a , and a ∈ G m . The action of ω 4n+4 of the following elements is explicit:
Hereφ is the Fourier transform of φ with respect to the form q K 2n+2 . The non-zero constant γ(ψ, q K 2n+2 ) is the Weil index, but its exact value does not play any role in this section.
We shall need several facts about Jacquet functors of ω 4n+4 .
Lemma 5.5. The Jacquet functor (ω 4n+4 ) B 2 is isomorphic to I P 1 (χ K , 1/2n).
Proof. This is an easy consequence of the formulas above. The projection map r B 2 : ω 4n+4 → I P 1 (χ K , 1/2n) is given by
The following property is crucial for our considerations.
Proposition 5.6. The space (ω 4n+4 ) SL 2 ×N 1 ,Ψv = 0 for all anisotropic vectors v.
Proof. The statement is well-known for the case K = F ⊕F . For example, it can be derived from [MR04] , Proposition 2.4. We present a different, more elementary proof.
Every anisotropic vector belongs to M 1 -orbit of a vector v c = e 2 + ce * 2 for c = 0. Hence it is enough to show that (ω 4n+4 ) SL 2 ×N 1 ,Ψv c = 0 for all c = 0.
Obviously, (ω 4n+4 ) SL 2 ×N 1 ,Ψv c is a quotient of (ω 4n+4 ) B 2 ×N 1 ,Ψv c which is is one dimensional by combination of Proposition 5.2 and Lemma 5.5. So it is enough to show that
Consider the functional P :
For any positive integer r > max(2, val(c)) define the set
Since the double integral converges absolutely, we can change the order of the integration
The inner integral equals
Hence the integral 5.8 contains the inner integral
is a non-zero constant that does not depend on t for t ∈ U r = 1 + π r O and is zero otherwise. Since χ K and | · | n+1 and ψ equal to 1 on U r for r large enough, it follows that P(φ) does not equal to zero, as required.
Definition 5.9.
(1) The space (ω 4n+4 ) SL(V 2 ) is a representation of O(V K 2n+2 ) of finite length and, as shown in [GT16] , has unique irreducible quotient, which we denote by Π K .
(2) The representation Π K is unitarizable, as shown in [Li89] . Its unitary completion is denoted byΠ K .
We shall use the following properties of Π K .
Proposition 5.10.
Proof. The representation Π K is the unique irreducible quotient of (ω 4n+4,ψ ) SL(V 2 ) and hence is a quotient of (ω 4n+4,ψ ) B 2 = I P 1 (χ K , 1/2n). Since Π K is selfdual, and the parabolic subgroups P 1 andP 1 are conjugate by s 1 , it follows that Π K is a subrepresentation of I P 1 (χ K , −1/2n) = IP 1 (χ K , 1/2n). The second part immediately follows from Proposition 5.6
The representation Π K of an even orthogonal group plays the role analogous to the role of the Weil representation of a metaplectic group. Below we describe its model, analogous to the Schrodinger model of Weil representation. The model has been studied in [KM11] for real orthogonal groups and in [Sav94] for p-adic split orthogonal groups.
Theorem 5.11. There exists an embedding of Π K into the space S ∞ (C K 2n \{0}), satisfying
(1) The action of the elements in P 1 is given by
(3) The unitary completionΠ K is realized on L 2 (C K 2n ), which is irreducible as a representation of P 1 .
(4) The action of the involution s 1 is given by
where L K (a) is the principal value of the integral
Proof. The parts (1), (2) of the theorem were proven in [Sav94] for the case O(V K 2n+2 ) is a split group. The proof for the quasi-split group, that relies on Proposition 5.10, is essentially the same. We include the proof for the completeness of the presentation.
(1) Let us define an injective map from Π K ⊂ IP 1 (χ K , 1/2n) to the space S ∞ (C K 2n \{0}). Let F be the Fourier transform from the space S c (N 1 ) to distributions on S c (N 1 ) defined by the quadratic form on V K 2n and the character ψ. For any
Any f ∈ IP 1 (χ K , −1/2n) is uniquely determined by its restriction to N 1 . By 5.10, for f ∈ Π K the distribution F(f | N 1 ) is supported on the set C K 2n of isotropic vectors. Since F(f | N 1 ) is M 1 -smooth, it is a smooth function on C K 2n \{0}, that is a single M 1 orbit. We have obtained the map
. The map T is injective. Otherwise, for any f ∈ Ker(T ) the function F(f | N 1 ) is supported on {0} and hence f ∈ Π N 1 K , which is zero by [HM79] . The action of P 1 on the image of T is obtained by transport of the structure. This proves part 1.
(2) Since the action of N 1 on the space Π K is smooth, the functions in Π K have bounded support. For any f ∈ Π K it follows by the formulas, that the function f − Π K (n)f vanishes in a neighborhood of 0. Therefore the P 1 -invariant space
\{0}) and hence equals to
is unique up to scalar, P 1 -invariant inner product. The completion with respect to the norm induced by this inner product is L 2 (C K 2n+2 ).
On the other hand, there is an O(V K 2n+2 ) invariant inner product on Π K , whose restriction to S c (C K 2n \{0}) is (·, ·) C K 2n . In particular, the completionΠ K contains L 2 (C K 2n ). By part 2 the space S c (C K 2n \{0}) is dense in Π K , and soΠ K = L 2 (C K 2n ). The irreducibility ofΠ K as P 1 module follows from the irreducibility of S c (C K 2n \{0}) as P 1 module.
(4) The proof of part (4) will occupy the rest of this section. Certain straightforward computations, that are part of the proof, are moved to appendices B and C. Note that s 1 = s ·s 2 ·s −1 . Since s 2 ∈ M 1 , the operator Π K (s 2 ) can be read from 5.11 and hence it is enough to determine the action of Π K (s), which we can do up to a sign.
Proposition 5.14. There exists a square root ǫ of χ K (−1) such that
Proof. As we proved in part (2) of Theorem 5.11, the unitary com-pletionΠ K of the space Π K equals to L 2 (C K 2n ). The proof of the proposition is the consequence of the following three claims: (a) The restriction ofΠ K to Q = sP s −1 ∩ P is irreducible.
Assume the claims hold. Let us choose ǫ to be an arbitrary square root of χ K (−1). The first and the second claim together with Schur's lemma imply thatΠ K (s) = cA for a constant c ∈ C × . The third claim fixes c = ±1. IfΠ K (s) = −A then, changing sign of ǫ in the definition of A, we obtain the equality. It remains to prove the claims.
The representationΠ K is irreducible as a representation of P 1 . Since there exists a dense Q-orbit in C K 2n , the irreducibility ofΠ K as Q module follows from Mackey theory.
To prove the second claim it is sufficient to show that A•Π K (q) = Π K (sqs −1 ) • A for all the generators q of Q. The details of this computation, as well as the proof of the fact that A is involution, appear in the appendix B.
It follows that Π
We compute the right hand side in appendix C and arrive to the formula 5.12.
This proves the last part and concludes the proof of the theorem.
Remark 5.16. Plugging n = 3 in the theorem we obtained the theorem 3.2. Indeed, in the notations of 3.2
3 ) • j(w 0 ) = s 1 and the formula for the action Π K (j(w K )) is equal to the formula for Π K (s 1 ) for n = 3.
The structure of quasi-split groups
Our goal is to write a closed formula for the operators Φ w for w ∈ W in the case of an arbitrary simple simply-connected quasi-split group. We start by recalling below the structure of reductive quasi-split groups. Our main reference is [BT84] , see also a short summary in [Wat88] . 6.1. Split groups. LetG be a reductive split group over a field E. We assume thatG is simply-connected. Denote byB its Borel subgroup containing the maximal split torusT .
LetR ⊂ X * (T ) be the root system ofG with respect toT . Denote byR + and∆ the set of positive and simple roots respectively. There is an associated coroot systemR ∨ ⊂ X * (T ) with the natural pairingR ×R ∨ → Z. We denote by ρ the half of the sum of all positive roots inR. LetW = NG(T )/T be the Weyl group ofG. It is generated by the simple reflections s α , α ∈∆.
For any root α ∈R there exists a root subgroupŨ α inG.
Definition 6.1. The pinning (Chevalley system) of the split groupG is a system of E-isomorphimsx α : G a →Ũ α ⊂G, satisfying (1) n sα =x α (1)x −α (−1)x α (1) ∈ NG(T ) (2) For any α there exists a homomorphismφ α : SL 2 →G satisfying
We define n sα =φ α (n w 0 ), n w 0 = 0 1 −1 0
(3) For any α 1 , α 2 ∈R there exists ǫ(α 1 , α 2 ) ∈ ±1 such that n sα 1x α 2 (r)n −1 sα 1 =x sα 1 (α 2 ) (ǫ(α 1 , α 2 )r) 6.2. The Weyl group. The Weyl groupW is generated by simple reflections s α , where α ∈∆. For any w ∈W and any reduced presentation w = Πs α i , the element n w = Πn sα i depends on the element w and not on its presentation. The length of any reduced presentation of w is the same and is denoted by l(w). For any w ∈W define
(2) The groupŨ w generated byŨ α , α ∈R(w −1 ), (3) The characterγ w = Π α∈R(w −1 ) α, that is the determinant of the action ofT on Lie(Ũ w ). It is easy to see thatγ w = ρ · w(ρ) −1 .
(4) GR
When w is clear we denote the element of GR (w) m just by (z α ) to simplify notations.
For an w ∈W we shall define several maps on GR (w) m . Definition 6.2.
(1) The mapφ w : GR
The image ofφ w is denoted byT w . (2) The mapσ w : GR
(3) The mapμ w : GR
6.3. The structure of quasi-split group G. Let E/F be a Galois extension of fields and assume that the Galois group Γ = Gal(E/F ) acts onG, preserving the torusT and the Borel subgroupB. Hence it acts on the set R preserving the setsR + and∆. In particular it acts onW .
The group of fixed pointsG Γ is a quasi-split group G with the maximal torus T =T Γ and the Borel subgroup B =B Γ . The maximal torus T contains a maximal split torus S. 6.3.1. Relative roots. Let R (resp. R + , resp. ∆) denote the set of relative (resp. positive, resp. simple) roots of G with respect to the torus S.
There is a bijection β ↔ R β between the relative roots R and the Γ orbits ofR. The restriction of every root in R β to S equals to β. 6.3.2. The field of definition of a root. For any root α ∈R let Γ α ⊂ Γ be the stabilizer of α. The field L α = E Γα is called the field of definition of α. We shall list its basic properties.
(1) For any γ ∈ Γ and α ∈R one has L γ(α) = γ(L α ).
(2) For any α ∈R the root subgroupŨ α ofG is defined over L α .
(3) For any β ∈ R the field L β = (Π α∈R β L α ) Γ is isomorphic to L α for any α ∈ R β . (4) For any β ∈ R the coroot β ∨ : L × β → T is defined as the restriction of Π α∈R β α ∨ to L × β .
Definition 6.3. Given a Chevalley system (x α ) ofG, the Chevalley-Steinberg system of G is a system of homomorphisms x α : L α →Ũ α over L α for all α ∈R, such that
6.3.3. Root rays. A root ray with respect to S is an open half-line in X * (S)⊗ R with starting point at 0, containing at least one relative root. Let R be the set of root rays. For any a ∈ R there is associated data
(1) the root subgroup U a of G.
(2) The group G a = U a , U −a that is semisimple and simply-connected of split rank one. Denote its maximal torus by T a . Then group G a is of one of the following two types.
(a) Assume a = {β} ∈ R + . Then there is isomorphism
We define n wa = φ a (n w 0 ). (b) Assume a = {β, 2β} ∈ R + . Then L β ⊃ L 2β is a quadratic extension with automorphism ι β . There is isomorphim
In this case
and denote the corresponding element in W by w a Definition 6.4. The system of isomorphism φ a , a ∈ R + as above is called a coherent system induced from the Chevalley-Steinberg systemx α . 6.4. The Weyl group W of G. The Weyl group W =W Γ of G is generated by the elements w a , as a runs over simple root rays. For any w ∈ W and any reduced presentation w = Πw a i , the element n w = Πn wa i depends on the element w and not on its presentation.
For any w ∈ W we define
(3) In the previous section we have defined maps
For w ∈ W all these maps commute with the action of Γ that acts on the domain and the range of the maps. The restriction of these maps on Γ invariants of the domain defines the maps
The character χ L β is associated to the quadratic extension L β ⊃ L 2β . Note, that if R does not contain divisible roots, the character χ w is trivial for all w ∈ W . (5) Finally, for any w we define a normalizing constant
If R contains no divisible roots, the constant γ(w) = 1 for all w.
All these functions will be used in the definitions of the operators Φ w .
The definition of the operators Φ w for quasi-split groups
Now we are ready to define a collection of the operators Φ w , w ∈ W for the quasi-split group G, defined over F . 7.1. w = w a is a simple reflection. Let a be a root ray that contains a simple root β.
• If a = {β} let V 2 be a two-dimensional symplectic space over L β and [·, ·] be the L β -valued symplectic form. • If a = {β, 2β}, let (W 3 , h 3 ) be a Hermitian space of dimesnion 3 over L β . There is a L 2β -valued bilinear form b 3 on W 3 defined by
As before, we denote by W 0 3 the set of isotropic vectors in W 3 .
• Define
• The group G a acts transitively on V a \{0}. We pick up a vector e a ∈ V a whose stabilizer is the root group U a . We denote by ω a the G a invariant form on V a , defined earlier. • Let P a be the maximal parabolic subgroup in G, whose unipotent radical U a contains the root subgroup U a . The derived group of P a is Q a = G a · U a . • There is a fibration π a : G/U → G/Q a whose fiber is G a /U a . Its affine completionπ a : G/U a × Ga V a → G/Q a is a vector bundle with the fiber V a .
There is an open embedding
• Define an additive character Ψ a = ψ • T r La/F of L a , where
If a = {β, 2β} the quadratic character χ L β of L × 2β is associated to the quadratic extension L β /L 2β .
Definition 7.1. The operator Φ wa ∈ L 2 (G/U ) is defined by
in which case Φ wa is the usual Fourier transform along the fibers of π a . (2) Let a = {β, 2β}. Then
Remark 7.3. It is a corollary from 3.1, 3.2 that Φ sa is a unitary map for any a and Φ sa • Φ sa = Id.
We shall rewrite the operator Φ wa in a uniform way for both cases that will allow further generalization for a general w.
Proposition 7.4. For any simple root ray a (7.5)
The proof is a straightforward computation, which is done separately according to whether the root ray a consists of one or two roots. It appears in Appendix D.
7.2. w ∈ W is a general element.
Definition 7.6. For any w ∈ W and f in a dense suspace of L 2 (G/U ) define
Note that for a w = w a , where the root ray a contains a simple root this definition coincides with 7.5.
This again is explicit computation, appears in the Appendix E.
The description of the Schwarz space
Using the operators Φ w , w ∈ W we can extend the definition of the Schwarz space S(X), proposed in [BK99] for split groups to the case of quasi-split groups by
It is clear that for G = SL(2) we have
3 ). Let G = SU (W K 3 ) and X = W 0 3 as before. Proposition 8.1. The space S(X) coincides with the subspace Π K in L 2 (X) of smooth vectors, under the action of O(V K 8 ). Proof. By 5.11 the space S c (X) is contained in Π K . The operator Φ w 0 = Π K (s 1 ) preserves the space Π K and hence S(X) = S c (X) + Φ w 0 (S c (X)) is contained in Π K . To obtain the equality, it is enough to show that the space
2n ) preserves S c (X) and commutes with Π K (s 1 ). Hence S(X) is preserved by O(V K 2n ).
• Recall from 5.11 that Π K /S c (X) = (Π K ) N 1 . Hence for any f ∈ S(X) ⊂ Π K and any n ∈ N 1 one has Π K (n)f − f ∈ S c (X) ⊂ S(X). Therefore the space S(X) is preserved by N 1 . Since the subgroups O(V K 2n ), N 1 together with the element s 1 generate the group O(V K 2n+2 ), we obtain that S(X) ⊂ Π K is O(V K 2n+2 ) invariant and hence S(X) = Π K as required.
8.2. SL 3 . In this case, we are back to the notations of section 4. The space S(X) admits a natural filtration (S i (X)) where
In particular, we have S c (X) = S 0 (X) ⊂ S 1 (X) ⊂ S 2 (X) ⊂ S 3 (X) = S(X).
We denote the irreducible unitary minimal representation of the split group O(V 8 ) byΠ realized on L 2 (C) and by Π the space of its smooth vectors.
Theorem 8.2. The space S(X) coincides with the space Π, defined above.
By (4.5), S 1 (X) = S c (C\{0}) and hence is contained in the space Π. Since Φ w = Π(s 1 ) preserves Π, the space S(X) is contained in Π. As in Define the spaceS(X) of all the functions f in L 2 (X) such that for any w ∈ W , the function Φ w (f ) has bounded support. By definition the spacẽ S(X) is closed under the action of Φ w for each w ∈ W .
It has been shown in [BK99] , Lemma 3.3, thatS(X) contains S c (X). By definition the spaceS(X) is closed under the action of Φ w for each w ∈ W and hence contains S(X).
Conjecture 8.3. S(X) =S(X)
It is easy to see that for G = SL 2 , one hasS(X) = S c (V 2 ) = S(X). Let show that the conjecture holds for G = SU (W K 3 ) and SL 3 .
The proof is the same for both cases. The element w is the longest in the Weyl group of G. If G = SL 3 , the algebra K is split.
One has S c (X) ⊂ Π K = S(X) ⊂S(X) ⊂ L 2 (X) It is enough to show thatS(X) is contained in the space Π K , i.e. that any vector inS(X) is stabilized by an open compact subgroup of O(V K 2n ). Given f ∈S(X) there exists a bounded set Γ f ⊂ Γ such that
There exists on open compact group K N 1 of N 1 such that for all x ∈ X γ 0 , n ∈ K N 1 holds n, x ∈ O F . In particular Ψ( n, x ) = 1 and hence both f and Φ w (f ) = Π K (s 1 )(f ) are K N 1 invariant. In other words both K N 1 and
1 is an open compact group in the opposite unipotent subgroupN 1 . Since the groups N 1 ,N 1 generate SO K 8 , it follows that
, that stabilizes f . Thus f is a smooth vector inΠ K and the proposition is proved.
Appendix A. The proof of 4.3
Proof. Consider a dense space S 0 (C) of functions on C such that
all have compact support inside X. Let f ∈ S 0 (C). It is easy to check that Φ 1 • Φ 1 = Φ 2 • Φ 2 = Id. We shall show the second part by computing explicitly Φ 1 Φ 2 Φ 1 (f ). The computation of Φ 2 Φ 1 Φ 2 is similar and gives the same answer.
We integrate over the set
There is a surjective map
In this appendix we prove the claims (b) and (c) in the proof of 5.14.
(1) We shall prove that the operator A given by the explicit formula 5.15 belongs to Hom Q (Π, Π s K ), where Q = P 1 ∩ sP 1 s −1 . It is enough to prove that A • Π K (q) = Π K (sqs −1 ) • A for the generators of Q. Below we describe the group Q and fix its generators.
The group Q is contained in the Heisenberg parabolic group R =
, stabilizing the subspace X = X 1 ⊕ X 2 . In fact,
(a) For i = 1, 2 fix isomorphisms
Note that sh 1 (a)s −1 = h 2 (a). (b) The center Z R of H R can be identified with the space of alternating forms on X * . Define the isomorphism
For any generator j from the list above we shall prove by direct computation
To simplify the notation we denote in the proof below the quadratic form q K 2n−2 by q and the associated bilinear form by b. On the other hand
Hence
On the other hand
Thus the integral above equals
This finishes the proof of part (b). (2) Let us show that A is involution.
where the last equality follows from 2.4.
Appendix C. The formula for the operator Π K (s 1 ) C.0.1. Change of measures. Let (V, q) be a non-degenerate quadratic vector space. The quadratic form q defines a fibration q : V → F whose fibers we denote by V (a) = {v ∈ V : q(v) = a}.
For fixed top-forms dv on V and da on F , both self-dual with respect to the character ψ, there exists, by Fubini theorem, a collection of forms ω V (a) on V (a) so that q * (da) ∧ ω V (a) = dv.
Whenever (V, q) = (H ⊕ V ′ , q H ⊕ q ′ ), we consider for each a ∈ F an open embedding with dense image:
We shall be repeatedly using the above in the following form
C.0.2. Proof of 5.12. Below, K is a fixed quadratic algebra. We omit K from the notations on V K 2m , q K 2m , b K 2m and C K 2n . We keep writing dimensions of the relevant spaces, since they change along the proof.
Note that s 1 = s · s 2 · s −1 . The operator Π K (s 2 ) can be read from 5.11 and Π K (s) = ±A that has been determined in 5.14. Hence Π K (s 1 ) = A • Π K (s 2 ) • A. We shall compute it explicitly.
Applying C.1 to the integration over u, and denoting t = q 2n−2 (u), we obtain
Put
By C.3 for a = 0, the integral above equals
Put α = b 2n (c 1 , c 2 ). It remains to show L K (c 1 , c 2 ) depends only on α and has a simple form 5.13. We compute
The group O(V 2n−2 ) acts transitively on V 2n−2 (− α ty ). Hence there exists h ∈ O(V 2n−2 ) such that
Using the change of variables u → hu, we see that L K (c 1 , c 2 ) equals
x .
Using C.3 again, the kernel L K (c 1 , c 2 ) equals Appendix D. Fourier transforms for groups of rank 1. Proof of 7.4
In this appendix we prove the uniform formula for the operator Φ wa associated to the simple reflection w a with respect to the root ray a. Recall that G a acts on V a and the group U a stabilizes the vector e a . By Bruhat decomposition for G a , the map j a : U a × T a ֒→ V a , j a (u, t) = un wa t · e a is an open embedding with dense image. Hence Φ wa (f )(gU ) = Ta Ua f (gU a , j a (u, t))L a (e a , j a (u, t))ω a (j a (u, t)).
We consider separately the cases, where the root ray a consists of one or two roots.
(1) Assume a = {β}. Then V a = V 2 = Span{f 1 , f 2 }. In this case j a (x β (r), β ∨ (z)) = −rz · f 1 − z · f 2 , r ∈ L β , z ∈ L × β . Therefore [j a (x β (r), β ∨ (z)), e a ] = −z, ω a (j a (x β (r), β ∨ (z)) = |z| 2 drdz × .
Hence
Since for this case R(s a ) = {β}, ϕ sa = β ∨ : L × β → T a . σ sa (z) = − Tr L β /F z, χ sa = 1, µ sa (z) = Nm L β /F (z 2 ). this expression is exactly 7.5.
(2) Let a = {β, 2β}. We omit the subscript L β /L 2β from Nm, Tr and χ for simplicity of notations.
Recall that V a = W 0 3 ⊂ W Then j a (x(r, s), t(z)) = (z, zr, zs) ∈ L 3 β , b(j a (x(r, s), t(z)), e a ) = Tr(z)
and ω a (j a (x(r, s), t(z))) = | Nm(z)| 2 dr ds d × z.
Let us write down explicitly all the functions involved in the definition 7.5. R(w a ) = {β, 2β}, σ wa (z 1 , z 2 ) = −T r L 2β /F (Tr(z 1 ) + z 2 ) χ wa (z 1 , z 2 ) = χ(z 2 ), µ wa (z 1 , z 2 ) = Nm L 2β/L β (Nm(z 1 ) 2 z 3 2 ).
The surjective map,
has fibers Appendix E. Proof of 7.8
In this section we shall prove that the operators Φ w define an action of W on L 2 (G/U ). In other words we have to prove that Φ w 1 • Φ w 2 = Φ w 1 w 2 , ∀w 1 , w 2 ∈ W, l(w 1 ) + l(w 2 ) = l(w 1 w 2 )
We shall list some useful properties of these functions.
Lemma E.2.
(1) σ w 1 w 2 • κ w 1 ,w 2 (z 1 , z 2 ) = σ w 1 (z 1 ) + σ w 2 (z 2 ).
(2) (E.3) µ w 1 w 2 • κ w 1 ,w 2 (z 1 , z 2 ) = µ w 1 (z 1 )µ w 2 (z 2 )γ w 2 (ϕ w 1 (z 1 )) −1 .
(3) χ w 1 w 2 • κ w 1 ,w 2 (z 1 , z 2 ) = χ w 1 (z 1 ) · χ w 2 (z 2 ).
(4) γ(w 1 w 2 ) = γ(w 1 )γ(w 2 ).
Assume the Lemma. By the change of variables z = κ w 1 ,w 2 (z 1 , z 2 ) the integral above equals c w 1 w 2 · G R(w 1 w 2 ) m f Uw 1 w 2 (n w 1 w 2 ·ϕ w 1 w 2 (z))ψ(σ w 1 w 2 (z))χ w 1 w 2 (z)|µ w 1 w 2 (z)|dz = Φ w 1 w 2 (f )(U ), as required.
It remains to prove Lemma E.2. All the properties, except (2), follow immediately from the definitions. Let us prove (2) by induction on the length of w 1 .
First, we check the case l(w 1 ) = 1, i.e. w 1 = s β , for a simple root β and w 2 = w such that s β w is reduced word. µ s β w (κ s β ,w (z β , (z α ) α∈R(w) )) = µ s β w (z w −1 β , (z α ) α∈R(w) )) = z (ρ,w −1 β)−1 w −1 βμ s β (z w −1 β )μ w (z α ) α∈R(w) ). Since (ρ, w −1 β ∨ ) − 1 = (wρ, β ∨ ) − (ρ, β ∨ ) = −(γ w , β ∨ ) the above equals γ w (ϕ s β (z β )) −1 µ s β (z w −1 β )µ w (z α ) α∈R(w) ) as required.
Next, assume that s β w 1 w 2 is a reduced word and hence w 1 w 2 is a reduced word. By induction assumption the equality E.3 holds for the pair (w 1 , w 2 ). Let us show that it holds for the pair (s β w 1 , w 2 ). Indeed, µ s β w 1 w 2 (t, z 1 , z 2 ) = µ s β (t)µ w 1 w 2 (z 1 , z 2 )γ w 1 w 2 (ϕ s β (t)) −1 = µ s β (t)µ w 1 (z 1 )µ w 2 (z 2 )γ w 2 (ϕ w 1 (z 1 )) −1 γ w 1 w 2 (ϕ s β (t)) −1 = µ s β (t)µ w 1 (z 1 )γ w 1 (ϕ s β (t)) −1 µ w 2 (z 2 )γ w 2 (ϕ w 1 (z 1 )) −1 (γ w 1 γ −1 w 1 w 2 )(ϕ s β (t)) = µ s β w 1 (t, z 1 )µ w 2 (z 2 )γ w 2 (ϕ w 1 (z 1 )) −1 (γ w 1 γ −1 w 1 w 2 )(ϕ s β (t)) = µ s β w 1 (t, z 1 )µ w 2 (z 2 )γ w 2 (ϕ s β w 1 (t, z 1 )) −1 as required.
